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Negative thermal expansion materials
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Abstract Finite element analysis is used to explore
composites of negative thermal expansion materials with
positive thermal expansion materials (ZrW,0Og in Cu and
7Zr0O, in ZrW,0g) and evaluate how thermal and mechan-
ical properties, rates of cooling/heating, and geometry and
packing fraction influence the overall expansion and ther-
mal stress. During rapid temperature changes, the transient
short-time thermal expansion can be considerably larger
than the steady-state value. Furthermore, thermal stress in
the composite can be large, especially at the interface
between the materials, and can exceed the material
strength.
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Introduction

Many material properties change with temperature, and

dimensions are among the temperature-dependent proper-
ties. The volumetric coefficient of thermal expansion,
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defined as oy = V' (OV/OT)p, is an intrinsic property that
depends on both the material and the temperature. As
thermal expansion can be anisotropic, it is also useful to
consider the linear thermal expansion coefficient, & = !
(0l/0T)p, where [ is the linear dimension.

Thermal expansion is related to the anharmonicity of the
interatomic forces: a perfect harmonic solid has « = 0. In
general, interatomic distances increase with increasing
temperature, and « > 0. At low temperatures, all materials
become more harmonic, and « — 0 as 7 — 0 K. Typical
thermal expansion coefficients near room temperature are
of the order 107> K~!, with stiffer materials exhibiting
lower values of o [1]. Although the thermal expansion
coefficient is usually positive, in some materials it is neg-
ative in certain directions, and a few materials exhibit
negative thermal expansion (NTE) in all directions, oy, < 0
[2]. Some typical thermal expansion coefficients are shown
in Fig. 1.

Zirconium tungstate, ZrW,0Og, is a particularly inter-
esting case because it is cubic and shows negative thermal
expansion from 0.3 to 1,050 K, with o« = —9 x 10°°K™!
from 2 to 350 K [3]. The negative thermal expansion in
ZrW;0Og is related to its structure (Fig. 2): relatively rigid
polyhedra are thermally excited, as the temperature
increases, and rotate to pull the structure closer together as
shown schematically in Fig. 3. The NTE is associated with
these so-called Rigid Unit Modes (RUMs) [4]. Other
materials in the same family also exhibit negative thermal
expansion [5].

There is considerable interest in the possibility of
combining NTE materials with normal (positive) thermal
expansion materials, to reduce the potential of failure of a
material or component due to thermal stress fracture. For
example, NTE materials have been combined with cement
[6] and epoxy [7].
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Fig. 1 Typical values of thermal expansion coefficients. Note the
dependence on composition and temperature

Fig. 2 Structure of ZrW,0g

Fig. 3 Schematic view of negative thermal expansion in ZrW,0Og due
to thermal excitation of rigid unit modes

In this article, we discuss how negative thermal expan-
sion influences other thermal properties, namely heat
capacity, thermal conductivity, the Griineisen parameter,
and thermal stress. For the design of highly thermal shock
fracture resistance materials, we consider combining
positive and negative thermal expansion material to
achieve low thermal expansion composites. To this end,
finite element analysis is used to explore different materials
for low o composites and evaluate how parameters such as
thermal and mechanical properties, rates of cooling/heat-
ing, and geometry and packing fraction influence the
overall expansion and thermal stress in such composites.
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Anomalous heat capacity

The heat capacities of many solid materials can be accu-
rately predicted as a function of temperature from the heat
capacities of the constituents; for example, the heat
capacity of sodalite (NagAlgSicO0,4Cl,) can be represented
to within a few percent by that of {3Na,O + 3AL,0; +
6Si0, + 2NaCl} [8]. However, the heat capacity of
ZrW,0g is significantly underestimated by that of
{ZrO, + 2WO3}, by about 50% at T = 50 K [9]. The
main reason for the discrepancy is the additional low-fre-
quency modes due to RUMs in ZrW,Og, not present in
ZrO, or WO3;. A plot of CpT_3 as a function of temperature
reveals the contribution of the lowest-frequency modes as a
general feature of AM,0g NTE materials: see Fig. 4 for
a-ZrW,0g [10], cubic-HfMo0,0g[11], cubic-HfW,Og [12],
and cubic-ZrMo,0g[9]. The most important modes both for
NTE and for the anomalous heat capacity are those with
frequencies < 10 meV. Whether anomalous heat capacity
is predictive of NTE remains to be thoroughly explored.

Thermal conductivity

From the Debye model, the thermal conductivity of a
simple insulating solid is given by [1]:

K:Ta (1)

where « is the thermal conductivity, C is the heat capacity
per unit volume, v is the mean phonon speed and / is the
phonon mean free path. In most insulating solids, optic
phonons do not influence the overall thermal conductivity.
However, because ZrW,0Og has a relatively large number of
atoms per unit cell (44), one could expect the low-
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Fig. 4 Anomalous heat capacity in AM,0Og materials
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frequency optic phonons of NTE materials to be in the
correct frequency range to interfere with the heat-carrying
acoustic phonons [13]. Indeed, this has proven to be the
case, and the thermal conductivities of ZrW,Og and
HfMo,Og are both very low and close to the theoretical
minimum thermal conductivities for their lattices [10, 14].

Griineisen parameter as a measure of anharmonicity

The Griineisen parameter, ), is a direct measure of the
anharmonicity of a material. It can be determined per mode
i as y; = —(0 In v/OV)T where v; is the frequency of mode
i, and deviations of y; from zero are quantitative indications
of anharmonic interactions. Often the required information
to understand each mode is not available, but the overall
Griineisen parameter, 7, can be determined from bulk
thermodynamic properties:

_ 3BVu
=&

A

(2)

where B is the bulk modulus. We have determined y for
7ZrW,0g and HfMo,Og and have found large deviations
from zero at low temperature (and y < 0 due to NTE),
indicative of highly anharmonic interactions [10, 14]. The
magnitudes of 7 scale with the NTE, i.e., larger for ZrW,Og
than HfMo,0g, as one might expect since both y # 0 and
o # 0 are indications of anharmonicity. Furthermore,
highly anharmonic interactions are expected on the basis of
low thermal conductivity since a perfect harmonic crystal
would have infinite thermal conductivity.

Thermal shock resistance

One area of particular interest for negative thermal

expansion materials is in the potential for high thermal

shock fracture resistance, R,. The thermal shock fracture

resistance depends on the thermal conductivity and mag-
nitude of the coefficient of thermal expansion as follows:
Ko

s Wv (3)

where E is the elastic modulus, and ¢ is the material strength.
Materials with high R, such as Pyrex, can undergo large
excursions in temperature while resisting fracture due to
internal stresses from thermal expansion. As is the case for
Pyrex, if the magnitude of the thermal expansion coefficient
is very small, the thermal shock fracture resistance will be
high. Therefore, making composites by combining positive
and negative thermal expansion materials to achieve an
overall zero thermal expansion might be useful in designing
new highly thermal shock fracture resistance materials.

Thermal expansion and thermal
stresses in composites

The rule of mixtures estimates a composite’s material
properties from the volume-weighted sum of the properties
of the matrix and the dispersed phase. However, the ideal
rule of mixtures for thermal expansion, giving oy,
assumes that there are no voids or thermal stresses and that
the elastic properties are uniform throughout the compos-
ite. Figure 5 shows the estimated thermal expansion of a
composite as a function of concentration of NTE material
(enTE, defined as the volume fraction of NTE material)
from the rule of mixtures along with an analytical model
from Klemens for thermal conductivity of composite
composed of spheres in a matrix [15]. The Klemens model
is based on the strain field of inclusions of mismatched
volume. Interestingly, it shows quite different results for
ZrW,Og in copper compared with copper in ZrW,Og,
whereas the rule of mixtures would have the same o,,¢ for
both. Samples of 45-65 vol% ZrW,Og in copper were
recently prepared and characterized [16]. Their measured
thermal expansion coefficients were greater than predicted
by the rule of mixtures, but less than predicted by the
Klemens model.

Finite element method (FEM) modeling

The Finite Element Method is a numerical tool for solving
differential equations. Numerical methods are required for

2E-05

Klemens model

1E-05 [ ~
~ 1 N — -
n Rule of mixtures ~ -
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S - LY 5
b
A
~
0 ~
Klemens model
-1E-0 L
0.0 0.5 1.0

CNTE

Fig. 5 Thermal expansion of ZrW,Og spheres in Cu and vice versa
from rule of mixtures model compared to Klemens model [15]
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understanding realistic situations such as complicated
geometries and boundary or time conditions, where no
analytical solutions are possible. FEM divides the geome-
try of the material into small pieces (elements) that are
joined at points (nodes), and algebraic equations can be
used to describe the system at the nodes. FEM simulations
were performed here using a commercial package, Comsol
Multiphysics v3.5. One finite element anaylsis of close-
packed tetrahedra ZrW,Og (60 vol%) in copper has been
published previously [17]. The present study includes a
wider range of compositions, more realistic morphologies,
and ZrW,0Og in two different types of composites.

For the simulations of composite materials, it was
assumed that displacements due to thermal expansion are
small and thus the materials can be treated as linearly
elastic. Also, because the dynamics of the structure can be
considered static compared to the time scale of the heat
transfer problem, solutions can be obtained by coupling a
steady-state structural mechanics problem to a transient
temperature response. Comsol Multiphysics then solves the
thermal and structural problems simultaneously. At each
timestep, the temperature field, given by:

oT

C R
Povar

is first solved, where p is density, C, is the specific heat,
and x is thermal conductivity. The stress—strain analysis:

0= D(gthermal)a (5)

is then performed using the computed temperature field at
each time step, where o is the stress vector, &permar 1S the
thermal strain vector and D is the elasticity matrix. Note
that in this case the only strains are due to thermal
expansion, although additional terms could be added to
include initial strain or strain due to other forces. Equa-
tions 4 and 5 are solved for specified initial and boundary
conditions, here chosen so that the composite starts under
zero stress and at uniform temperature and is allowed to
expand/contract freely. The cooling rate was varied by
changing the temperature boundary condition on the outer
surfaces.

The 2D simulation geometry is shown in Fig. 6. Both
components were treated as isotropic and their properties at
all locations were considered to be those of the bulk (i.e.,
no interface effects). The center cell is considered repre-
sentative of the bulk and was simulated with a finer mesh.
It is surrounded by additional NTE/Cu cells, on a square
array, placed to account for the influence of neighboring
NTE particles on the center cell. A 5 x 5 array was used
(We found only minimal differences between 5 x 5 and
larger arrays). For this arrangement, cytg can be deter-
mined from the ratio, x, of the NTE particle diameter to the
size of the square cell,

=V - (kVT), 4)
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Fig. 6 Two-dimensional model of NTE in Cu composite
T
2
CNTE — ZX . (6)

As shown in Fig. 6, the geometry is symmetric so it is
necessary to simulate only % of the system. Symmetry is
enforced by temperature insulation and “roller” (i.e., zero
displacement in the perpendicular direction) boundary
conditions along the x- and y-axes. The 2D model is
employed due to its simplicity in comparison to 3D mod-
els, which allows for faster solutions with finer meshes and
inclusion of more neighbors. The 2D array is analogous to
a 3D array of cylinders, but we found that the maximum
stresses in the 2D model also are quantitatively similar to
the maximum stresses in a 3D array of spheres of the same
diameter (Note, however, that a 3D array of spheres has a
significantly lower cntg than a 2D array of equal diameter
circles and, therefore, the overall expansion coefficient
would differ).

This FEM model allows for the determination of stresses
and overall expansion in the system. The parameters used
in the FEM simulation of the ZrW,Og/copper composite
are given in Table 1. A composite of ZrO, (circles) in a
ZrW,0Og matrix was also considered using the same
geometry (vide infra) and the corresponding properties are
listed in Table 2.

FEM results and discussion

The overall thermal expansion FEM results for ZrW,Og in
copper are close to the experimental results from Yan et al.
[16], see Fig. 7. We found that the maximum stresses and
overall expansion for a given temperature change do not
depend on the size of the NTE particles, only on cnrE.
However, there is an influence of cooling rate on expan-
sion. Figure 8 shows the overall thermal expansion of NTE
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Table 1 Parameters used in FEM simulation for ZrW,Og/copper
composite

ZrW,0g3 Cu Units
Thermal expansion coefficient, o; —7 17 107°K™!
Poisson ratio, v 0.3 0.34 -
Elastic modulus, E 70 110 GPa
Thermal conductivity, x 0.7 400 Wm ' K!
Specific heat, C 400 350  JTkg ' K!
Density, p 4,500 8,900 kgm™?

Table 2 Parameters used in FEM simulation for ZrW,Og/ZrO,
composite

ZI'W20g ZrOz Units
Thermal expansion coefficient, o; —7 10 107 K™!
Poisson ratio, v 0.3 0.23 -
Elastic modulus, E 70 200 GPa
Thermal conductivity, x 0.7 2 Wm ! K!
Specific heat, C 400 400 Jkg 'K
Density, p 4,500 5,700 kg m~>
2E-05
Klemens model
1E-05 ~
~ % \- & -~
7 Rule of mixtures™~ g A T~ ~
§ = ~, Yan et al. -
i A

_1E-05 - . . — i " . . .
0.0 0.5 1.0

CNTE

Fig. 7 Thermal expansion of ZrW,Og in copper composite: FEM
model shown as squares, Yan et al. [16] experimental results shown
as triangles, rule of mixtures model is dashed line, and Klemens
model is solid line

in copper composite as a function of time at varying
cooling rates. From this figure, it can be seen that quench
cooling can give larger expansion at short times because, as
a consequence of the low thermal conductivity of the NTE
material, copper contracts significantly before the NTE
material can expand. In that case the peak and steady-state
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Fig. 8 Thermal expansion of NTE in copper composite as a function
of time at varying cooling rates
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Fig. 9 Principal stresses at points O (center of NTE particle), P (at

NTE/Cu interface along x-axis), and Q (99% of the distance from O to
P) as a function of time
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Fig. 10 Principal stress
distributions in the NTE
particles and principal stresses
along the x axis and x = y line
within the center NTE/Cu cell
for the composition with

%avg = 0. rnrE indicates the
NTE/Cu interface. In colour
online

expansions are still independent of particle size, but the
time at which the peak occurs is size-dependent.

For the determination of thermal stresses for the ZrW,Og
in copper composite, we simulated a 350 K drop in tem-
perature. The largest stresses occur at the new steady-state
temperature (see Fig. 9), therefore, the maximum stresses
depend on the temperature change but not the cooling rate.
We also found that thermal properties (thermal conductivity
and heat capacity) do not affect the maximum stresses.
(These findings are in contrast to o+4/¢+ composites with
low x inclusions, where transient stress maxima can occur.)
As a result of these factors, it is possible to focus exclu-
sively on the steady-state stress distributions. The steady-
state principal stress distributions (¢, and o¢5), and graphs
along the x = 0 (or, equivalently, y = 0) and x = y lines
(see Fig. 10) show that there are large stress concentrations
near the NTE/Cu interface. These stresses are a concern in
terms of causing unwanted phase transitions: the maximum
stress of ca. 1,000 MPa exceeds the pressure at which the
o — y phase transition occurs in ZrW,0Og (ca. 300 MPa
[18]), a finding supported by experimental evidence that
thermally induced stress causes the phase transformation of
ZrW;0Og in a copper matrix [16, 19]. High stresses were also
found in the finite element analysis of tetrahedra of ZrW,0Og
(60 vol%) in Cu [17]. Furthermore, the thermal stresses we
observe greatly exceed the strength of ZrW,Og (flexural
strength ca. 15 MPa [20]).

In order to test the influence of more closely matched
thermal properties of the matrix and the inclusion, the

@ Springer

.
1400 1———— A i

1200 - -
9] {
1000 - 4
0y ]
800 e
600 ]
01— ]
200 (]
0 - i
-200 : T T T T
0 5 10 15 20 25
Distance along x/or y/axis/um

Stress/Mpa

[=)

1400 T T T T T T

1200 1

o ]
1000 ! 'NTE ]
oy ]
800 ]

600 ]

Stress/Mpa

400 ' ]
200 - | R

-200 T T T T T T
0 5 00 15 20 25 30 35

Distance along x=y line/um

2E-05

1E-05

Klemens model

SE-06

oKt
!

Klemens model

-5E-06 [

-1E-05 -
0.0 0.5 1.0

°NTE

Fig. 11 Thermal expansion of ZrO, in ZrW,Og composite from:
FEM model shown as squares, rule of mixtures model is dashed line,
and Klemens model is solid line

FEM analysis was repeated using ZrO,/ZrW,0Og. In this
case, we used ZrW,Og as the matrix (it was the inclusion
in the ZrW,0g/Cu studies described above) because this
system has been investigated experimentally [20, 21]. For
ZrO, in ZrW,0Og, the FEM results, shown in Fig. 11, are
above the rule of mixtures, whereas, the experimental
data from De Buysser et al. [20] are below the rule of
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existence of voids in real samples. The elastic modulus of
ZrO, is known to decrease with increasing porosity [22]
and our simulations show that as elastic modulus is
decreased, the overall expansion line moves toward, and
then below, the rule of mixtures line. The difference
between the actual composite morphology [20] and the
simulated geometry is another factor. However, a key
result of our simulations is that the steady-state stress
distributions near the ZrO,/ZrW,Og interface (Fig. 12;
r = rz02) are much less than in the NTE/Cu composites.
In both simulations, the temperature change is —350 K
and the compositions have been chosen to give oy = 0.
(Note that the amount of filler required to achieve
Otaye = 0 is lower for ZrO,/ZrW,0g than NTE/Cu because
the magnitudes of the thermal expansion coefficients are
more closely matched in the former case).

While the high thermal conductivity of copper could be
desirable in a composite, the simulated stress distributions
suggest that ZrO,/ZrW,0g composites might be more prom-
ising candidates than NTE/Cu composites for low expansion
composites that are required to operate over a wide tempera-
ture range. However, in both the composites there is potential
for transient peaks in expansion and large thermal stresses.
Note that finite element studies of glass—ceramic composites
show much lower stresses which can be accommodated by
the viscoelastic properties of the glass matrix [23].

Negative thermal expansion materials in the ZrW,Og
family have anomalously high heat capacity at low T, large
magnitudes of Griineisen parameter, and low thermal
conductivity. Composites designed to have a,,, close to
zero can have thermal expansion coefficients that are non-
zero both at short times after major temperature changes,
and at steady-state conditions. However, the discrepancies
between o,,, and observed values of o are much smaller
than suggested by an analytical model [15], and the rule of
mixtures provides a reasonable guide for steady-state val-
ues of the overall thermal expansion coefficient of these
composites. Of more concern for mechanical stability of
the system is the possibility of transient maxima in
expansion at high cooling rates, and large steady-state
thermal stresses in the composite. The simulations are
simplified by the fact that in composites of materials with
opposite signs of o, the maximum thermal stresses occur at
steady-state conditions and, for given constituent materials,
are determined only by the temperature change and cnrg.
Thermal stresses are larger when the amount of filler is
larger and hence it is advantageous to use components with
similar magnitudes of «. Given the thermal stresses that can
develop in a composite when subjected to a large temper-
ature change, sufficient to cause phase transitions or brittle
failure, it might be more desirable to develop pure
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materials with intrinsic, low expansion for applications in
which potential for thermal stress is a major concern.
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